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This study focuses on continuum model validation of the flow of air and small cata-
lyst particles in a circulating fluidized bed. Comparison with available experimental
data of pressure drop and solids circulation rate in the riser clearly demonstrates the
need to modify the homogeneous drag model to accurately predict the formation of
clusters of particles, which are typically observed in the fluidization of small particles.
The need to correct the drag law is also demonstrated in simulations of polydisperse
powder flows wherein three solids species are used to represent a typical catalyst size
distribution. Finally, particle-wall friction is found to have the most significant effect
on the vertical gas pressure gradient while particle–particle friction has only a minor
effect. Published 2011 American Institute of Chemical Engineers AIChE J, 58: 427–439, 2012
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Introduction

Flows of particles are commonly encountered in nature,
such as in volcanic ash eruptions and dust storms, and in
most industries, such as in chemical and energy conversion
technologies. Complex flow phenomena observed in these
particulate flows are attributed to particle–particle and particle-
fluid interactions that are difficult to model with a high
degree of accuracy. Although accurate, direct numerical sim-
ulations (DNS) of these flow phenomena are only possible
for small-scale idealized systems due to current limitations
in computational resources.1 A more economical approach is
to use averaged fluid flow equations solved on a coarse com-
putational domain and to track the motion of each individual
particle following Newton’s law of motion with necessary
closures for particle-fluid interaction forces. Note the track-
ing of particles and their collisions is possible even for
millions of particles.2 However, such simulations become
very difficult to conduct for those industrial systems where

the flow rate of particles is measured in tons per second.3

An even more computationally economical approach can be
derived from the averaged continuum equations of motion
for both the fluid and particles, which is often called the
two-fluid model.4 The continuum approach generally relies
on closures for the solids stresses that are derived from gran-
ular kinetic theory5 in the kinetic-collisional regime and
from soil mechanics in the dense-frictional regime.6

Most modeling efforts for fluidized systems are conducted
using the continuum or two-fluid model simply because of the
limited computer resources currently available. Moreover, for
these continuum simulations to be conducted fast enough to
be useful they are routinely used with coarse computational
grids. The simulation predictions resulting from using coarse
grids may not be accurate because a grid-size as small as a
few particles in diameters was shown to be necessary for the
prediction of bed height expansion of small Geldart A catalyst
particles in a bubbling fluidized bed.7 Thus, continuum simu-
lations of large-scale gas-solids processes with appropriate
grid resolution are made impractical. Similarly, an earlier
work by Agrawal et al.8 has shown that grid-refined two-fluid
flow simulations can predict heterogeneous structures that can-
not be captured with coarse-grid simulations using the same
model. Agrawal et al.8 found that the formation of clusters of
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particles reroute the flow of gas around them effectively
increasing the slip velocity by more than twice the homogene-
ous settling velocity of particles. Therefore, any coarse grid
continuum simulation of gas-solids flow must include subgrid
corrections to the homogeneous drag force acting on the par-
ticles. Benyahia9 studied gas-solids flow in a dense riser and
found that subgrid corrections to the homogeneous drag force
are both essential and useful to accurately predict the radial
profiles of solids density and mass flux.

Li and Kwauk10 proposed the energy-minimization multi-
scale (EMMS) model to account for the effects of the heter-
ogeneous structures on the drag force. In the EMMS model,
the structures in circulating fluidized beds were characterized
with the dense cluster phase and the dilute phase. The
parameters related to the dense and the dilute phases were
determined by satisfying a stability condition, namely
Nst!min, where Nst denotes the mass-specific energy con-
sumption for suspending and transporting particles (W/kg).
The subgrid correction to the homogeneous drag force based
on the EMMS model11,12 was found necessary to accurately
predict the axial profile of the solids density.

As mentioned earlier, several studies published in the
open literature have demonstrated the need to include sub-
grid corrections for two-fluid models. This study indicates
that similar corrections are also required for the continuum
modeling of gas and polydisperse powders (sometimes called
multifluid models) in a circulating fluidized bed. In particu-
lar, an EMMS model is shown to accurately predict the sol-
ids circulation rate and gas pressure gradient in the fully-
developed flow region. However, the numerical results of
pressure gradient profiles in the mid-bottom section of the
riser are under-predicted and require further investigation.
The work presented in this paper also found that the gener-
ally accepted assumption that the gas pressure gradient is
balanced by the weight of the bed is inaccurate as a large
portion of solids accumulates in the annulus region and falls
under gravity and is, thus, not supported by the gas pressure.
Further efforts conducted in this study include the effects of
particle–particle and particle-wall friction on the vertical pro-
files of solids hold-up and pressure gradient.

Gas-Solids Flow Model

The continuum governing equations, constitutive relations,
and boundary conditions for the flow of a monodisperse
powder in air are described in Table 1. The gas phase is
described via averaged equations of motion, specifically, the
single-phase continuum Navier-Stokes equations for a New-
tonian fluid, modified to include the fluid volume fraction as
well as the fluid-particle interaction due to the drag force. A
constant gas viscosity is used through most of the flow do-
main except in very dilute regions where a constant mixing-
length model is adopted (Eq. 9). The primary purpose of
using this mixing-length model is to avoid strong vortices
that develop early (during the initial filling with solids) in
the simulation and cause convergence problems. A detailed
description of the different mixing-length models can be
found in the book by Pope.14 The use of a laminar gas vis-
cosity in most of the flow domain is motivated by the study
of Benyahia et al.15 who showed that, under moderately
dense flow conditions, the gas-phase turbulent stresses could

be neglected without any noticeable effect on the time-aver-
aged flow profiles.

The monodisperse granular kinetic theory developed by
Lun et al.16 modified to include the effects of the interstitial
fluid by Balzer et al.17 and Lun and Savage18 is used in
most of this study. The only exception is the polydisperse
case where a discrete particle size distribution of three solids
species is used. The polydisperse case is modeled using a
kinetic theory developed by Iddir and Arastoopour19 with
some modifications described by Benyahia.20 A detailed
description of this polydisperse model is beyond the scope
of this study and interested readers are referred to the disser-
tations of Iddir21 and Galvin22 for details of the derivation of
this theory and its numerical implementation.

In flow regions approaching the random packing of par-
ticles where enduring contacts between particles occur, the
granular kinetic theories mentioned earlier are not valid due
to the assumptions used in their derivation, namely instanta-
neous binary collisions. In these dense flow regions, the fric-
tional theory developed by Srivastava and Sundaresan23 pro-
vides a frictional pressure and viscosity that are added to the
stresses derived from granular kinetic theory. This frictional
flow theory was validated by other studies in the litera-
ture.24,25 The frictional-collisional wall boundary conditions
(Eqs. 22 and 23) derived by Johnson and Jackson26 are used
in all simulations.

One of the most important forces in a fluidized system is
due to fluid-particle drag and, therefore, the predictive accu-
racy of the multiphase flow model will depend on the accu-
racy of this constitutive model. In this study, the well-known
Wen-Yu drag correlation is used, which was derived empiri-
cally for homogeneous flows and is commonly adopted in
fluidization literature (see for example, Gidaspow5). The
Wen-Yu drag function can be modified to account for the
heterogeneous flow structures commonly observed in the flu-
idization of small particles by air such as in the visual obser-
vations of clusters of particles forming in a fluidized bed
that were reported by Cocco et al.27 Such corrections to this
standard drag law are available in the literature.12,28 This
effort employs the correction by Lu et al.,12 which is based
on the energy minimization and multiscale (EMMS) theory.
A detailed description of this model and its derivation was
presented by Lu et al.12 and is not repeated here for the sake
of brevity. The numerical predictions, obtained with and
without this correction factor (Eq. 7), are compared to exper-
imental data to demonstrate the necessity of accounting for
the presence of particle clusters.

Simulation Conditions

The simulated riser geometry, physical properties of gas
and fluid catalytic cracking catalyst (FCC), as well as flow
conditions are the same as those used in the simulations by
Lu et al.12 The riser has a height of 10.5 m and width of
0.09 m with a 2D Cartesian geometry. Unlike Lu et al.12

who considered initial conditions of a static bed close to
packing, the initial static bed height is set to � 2.78 m corre-
sponding to minimum fluidization conditions (emf

s ¼ 0.4).
The initial mass of solids is the same as that used by Lu
et al.12 The mass of solids in the bed is constant throughout
the current simulations since the solids exiting the top of the
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Table 1. Gas-solids Hydrodynamic Model

Governing equations

Conservation of mass for phase m (s: solids and g: gas):

@ qmemð Þ
@t

þr � qmemvmð Þ ¼ 0 ð1Þ

Conservation of linear momentum:

@ qmemvmð Þ
@t

þr � qmemvmvmð Þ
� �

¼ �emrPg þr � smð Þ � bmn vm � vnð Þ þ emqmg ð2Þ

Translational granular energy conservation equation:

3

2
qs

@ esHsð Þ
@t

þr � esHsvsð Þ
� �

¼ �r � qþ sc:rvs � Js þPH ð3Þ

Interphase momentum exchange term (bgs ¼ bsg ¼ b):
Wen-Yu correlation:

b ¼ 3

4
CD

qgeges vg � vs
�� ��
dp

e�2:65
g ð4Þ

CD ¼ 24=Re 1þ 0:15Re0:687
� �

Re\1000

0:44 Re[1000

�
;Re ¼ qgeg vg � vs

�� ��dp
lg

ð5Þ

EMMS drag model:

b ¼
150

es 1� eg
� �

lg
egd

2
p

þ 1:75
qg
dp
es vg � vs
�� �� eg\0:4

3

4
CD

qgeges vg � vs
�� ��
dp

e�2:65
g Hd eg � 0:4

8>>><
>>>:

ð6Þ

Hd ¼ AeðReþ BeÞCe ð7Þ

eg � 0:9997
Ae ¼ 1

Be ¼ 1

Ce ¼ 0

8<
:

eg � 0:99

Ae ¼ 0:4243þ 0:88= 1þ e
ð0:9942�egÞ
2:18�10�3

� �
1� 1=

�
1þ e

ð0:9989�egÞ
3�10�5

�	 


Be ¼ 1:661� 10�2 þ 0:2436e�0:5
ð0:9985�egÞ
1:91�10�3

� �2

Ce ¼ 8:25� 10�2 � 0:0574e�0:5
ð0:9979�egÞ
7:03�10�3

� �2

8>>>>>>><
>>>>>>>:

eg � 0:545

Ae ¼ ð49:1698� 49:5722 egÞ�0:4896

Be ¼ ð137:6308� 21:6308 egÞ13:031

Ce ¼ eg � 1:0013

�6:633� 10�2 þ 9:1391ðeg � 1:0013Þ þ 6:9231ðeg � 1:0013Þ2

8>>><
>>>:

(Continued)

AIChE Journal February 2012 Vol. 58, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 429



eg � 0:46

Ae ¼ 3:2� 10�2 þ 0:7399

1þ ðeg=0:4912Þ54:4265

Be ¼ 2:25� 10�3 þ 772:0074

1þ 1066:3224ðeg�0:3987Þ þ
2:404� 10�2

1þ 1053:8948ð0:5257�egÞ

Ce ¼ 0:1705� 0:1731

1þ ðeg=0:5020Þ37:7091

8>>>>>><
>>>>>>:

eg � 0:4

Ae ¼ 0:8526� 0:5846

1þ ðeg=0:4325Þ22:6279
Be ¼ 1

Ce ¼ 0

8>><
>>:

Constitutive relations for gas and solids phases

Gas-phase stress tensor:

sg ¼ 2ltSg ð8Þ

lt ¼
lg eg � 0:999

lg þ qgl
2
mix

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sg : Sg

p
eg [ 0:999

�
ð9Þ

Sm ¼ 1

2
rvm þ rvmð ÞT

� �
� 1

3
r � vmI ð10Þ

Solids-phase stress tensor:

ss ¼ � Ps þ Pfð Þ þ glbr � vs½ �Iþ 2 ls þ lfð ÞSs ð11Þ

Solids kinetic-collisional pressure:

Ps ¼ esqsHs 1þ 4gesg0½ � ð12Þ

The radial distribution function at contact:

g0 ¼ 1� 0:5es
1� esð Þ3 ð13Þ

Solids viscosity model:

ls ¼
2þ a
3

	 

l�

g0g 2� gð Þ 1þ 8

5
gesg0

	 

1þ 8

5
g 3g� 2ð Þesg0

	 

þ 3

5
glb

� �
ð14Þ

l� ¼ l 1þ 2bl

esqsð Þ2g0Hs

" #�1

;l ¼ 5

96
qsdp

ffiffiffiffiffiffiffiffiffi
pHs

p
;lb ¼

256

5p
le2sg0 ð15Þ

Granular energy flux and conductivity:

q ¼ �jsrHs ð16Þ
(Continued)
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riser via two pressure outlets re-enter near the bottom via
two inlets with eins ¼ 0.3. The solids velocity at the two
inlets is automatically adjusted to achieve the same flow rate
of solids exiting the system. See Figure 1 for more clarity
on the geometry and initial and boundary conditions.

Table 2 shows the physical parameters used in this current
effort. The majority of the simulations are monodisperse
with FCC particles of the Group A (aeratable) Geldart classi-
fication of powder. These particles are not highly cohesive
and, from a modeling point of view, it seems possible to
ignore cohesive forces and obtain good agreement with
experimental data as long as the computational mesh is fine
enough.7 The carrier gas is air at isothermal and ambient
conditions. Two physical properties, the particle–particle
restitution coefficient and the particle-wall specularity coefficient,

are varied to study their effects. Two simulations of FCC
particles with a particle size distribution (PSD) consisting of
three solids species are also conducted in this study. Table 3
shows the PSD in the initial static bed, which was taken
from Kunii and Levenspiel13 (p. 66), who considered it as
‘‘typical.’’ Thus, the continuous PSD is discretized into three
bins, each with an averaged particle size and volume fraction
(or mass fraction since the solids density is the same for all
particle sizes). A better approach would be to adopt the size
distribution of the experimental FCC particles, but such
information was not available. Nevertheless, this study
qualitatively demonstrates the effect of PSD on the vertical
pressure drop and size-segregation of particles.

The MFIX CFD code (https://mfix.netl.doe.gov) is used to
discretize the governing equations with the finite volume

js ¼ j�

g0

	 

1þ 12

5
gesg0

	 

1þ 12

5
g2 4g� 3ð Þesg0

	 

þ 64

25p
41� 33gð Þg2 esg0ð Þ2

� �
ð17Þ

j� ¼ j 1þ 6bj

5 esqsð Þ2g0Hs

" #�1

;j ¼ 75qsdp
ffiffiffiffiffiffiffiffiffi
pHs

p
48g 41� 33gð Þ ð18Þ

Frictional solids pressure and viscosity:

Pf

Pc

¼ 1� r � vs
n

ffiffiffi
2

p
sin dð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ss: Ss þHs=d2p

q
0
B@

1
CA

n�1

; lf ¼
sin dð Þffiffiffi

2
p Pfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ss: Ss þHs=d2p

q n� n� 1ð Þ Pf

Pc

	 
 1
n�1

( )
ð19Þ

Where; Pc ¼
1025 es � emax

s

� �10
es > emax

s

Fr
es � emin

s

� �r
emax
s � es

� �s emax
s � es > emin

s

0 es � emin
s

8>>><
>>>:

and n ¼
ffiffi
3

p
2
sin dð Þ r � vs � 0

1:03 r � vs\0

�
ð20Þ

Collisional dissipation of granular energy and viscous damping terms:

Js ¼ 48ffiffiffi
p

p g 1� gð Þqse
2
sg0
dp

H3=2
s ;PH ¼ �3bHs þ 81

esl2g vg � vs
�� ��2

g0d3pqs
ffiffiffiffiffiffiffiffiffi
pHs

p ð21Þ

Gas-solids wall boundary conditions

Gas-phase: free slip.
Solids phase: Johnson-Jackson partial slip26

vsl

vslj j � sk þ sfð Þ � nþ /pqsesg0
ffiffiffiffiffiffi
Hs

p

2
ffiffiffi
3

p
emax
s

vsl þ n � sf � nð Þ tan dw ¼ 0 ð22Þ

n � q ¼ /p vslj j2qsesg0
ffiffiffiffiffiffi
Hs

p

2
ffiffiffi
3

p
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s

�
ffiffiffi
3

p
pqsesg0 1� e2w

� � ffiffiffiffiffiffi
Hs

p

4emax
s

Hs ð23Þ
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technique and solves these equations on a staggered grid. All
equations were discretized using the Superbee second-order
scheme along with deferred correction.29 The transient nu-
merical solution is obtained within a residual tolerance of
less than 10�3 for all equations but the granular energy
equation, which has a residual tolerance less than 10�4. Note
that the residual for the pressure correction equation (modi-
fied continuity equation) is scaled using the first iteration

residual at each time-step. A variable time-stepping proce-
dure in MFIX guarantees convergence at each time-step, or
the failed time-step will be reduced until a converged solu-
tion is achieved. An averaged time-step of about 10�4 sec is
necessary for the monodisperse simulations, and a slightly
lower time-step is necessary for polydisperse simulations.
The relatively low time-step used in these simulations is due
to the fact that the numerical implementation of the flow
model is semi-implicit. For polydisperse flows, more terms
are treated explicitly and, therefore, a lower time-step is nec-
essary to run these simulations. A typical simulation requires
8 hours for monodisperse case and 4 days for polydisperse
case (with three solids species) of CPU time per second of
transient flow time on a shared memory machine using two
processors. An optimum grid density of 60 by 450, previ-
ously found by Lu et al.,12 is adopted in all our simulations.

Results and Discussion

The computed instantaneous values of the dimensionless
drag correlations (Hd) used in the EMMS model (see Eq. 7)
are shown in Figure 2. Hd is defined as the ratio of the sub-
grid drag coefficient over that obtained using the Wen-Yu
drag law at the same conditions. Values of Hd ¼ 1 are plot-
ted for the Wen-Yu correlation to illustrate that the EMMS
model predicts values of Hd less than unity over a wide
range of void fractions. The lower values predicted by the
EMMS drag correlation have been linked to higher solids
hold-up for gas solids-flows in risers by Benyahia9 and are
responsible for the formation of large clusters of particles,
which is demonstrated later in this effort. Also, as expected
from Eq. 7, Hd depends not only on void fraction but also
on the Re number. Such dependence on void fraction has
been plotted by Lu et al.12 and shows a wider scatter of the
data compared with the data plotted in Figure 2. Therefore,

Table 2. Gas and Solids Physical Parameters

Process temperature 297 K
Process pressure 1.01 � 105 Pa
Air density Computed using ideal gas

law (about 1.2 kg/m3)
Air viscosity 1.8 � 10�5 Pa�s
Gas-phase turbulence length-scale 0.01 m
Solids density 930 kg/m3

Particle diameter 54 lm
Single-particle terminal velocity 0.074 m/s
Particle–particle restitution coefficient 0.9
Particle-wall restitution coefficient 0.7
Specularity coefficient 0.0001
Particle-particle angle of friction p/6
Particle-wall angle of friction p/16
Void fraction at maximum packing 0.4
Void fraction at minimum fluidization 0.6

Figure 2. Variation with void fraction of the instantane-
ous (after 40 sec) dimensionless drag index
(Hd) obtained with the EMMS technique dur-
ing the fluidized bed simulation. The Wen-Yu
drag index is just a constant equal to one.

Figure 1. Schematic drawing of 2D riser geometry (not
to scale) with boundary and initial conditions.

The 60 by 450 computational grid points are uniformly dis-
tributed along the riser width and height, respectively.

Table 3. Particle Size Distribution for the
Polydisperse Cases

Solids species dp30 dp60 dp115

Particle diameter (lm) 30 60 115
Volume or mass fraction (%) 15 60 25
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the simulations of this fluidized bed are characterized by a
relatively narrow range of particles’ Re number due to the
fact that the slip velocity does not vary much throughout the
system. In other words, large values of Re number are theo-
retically possible, but are not predicted for the small FCC
particles used in this study.

Figure 3 shows the instantaneous (after 15 sec of simula-
tion) and time-averaged (from 15 to 40 sec) solids volume
fraction profiles in the 2D fluidized bed. In the instantaneous
plots, the Wen-Yu drag correlation predicts a fairly homogene-
ous flow throughout the riser, similar to the previous findings
of Lu et al.12 In contrast, dense heterogeneous structures
(clusters of particles) are apparent with the EMMS drag
model. These large clusters of particles are observed in the
bottom and mid-section of the riser and mainly near the wall
regions, while the top region of the riser is generally more
dilute. The fact that the solids density (or hold-up) decreases
with height is typical of fluidized beds and has been well

documented experimentally.13 In the time-averaged plots,
core-annulus flow in the bottom and mid-section of the riser
becomes apparent when using the EMMS drag model. The
core-annulus regime is represented by regions of dense flow
near the walls and relatively dilute flow regions at the core
of the riser in the time-averaged results. The only exception
is near the two side inlets at the bottom of the riser where
the injected solids, recycled from the two top outlets, reach
the core regions of the riser. There is a large body of experi-
mental evidence in the literature summarized in fluidization
books, such as that of Kunii and Levenspiel13 and Gidas-
pow5 that point to the existence of a core-annulus flow in
the fast-fluidization regime and that the solids concentration
is higher near the walls where the gas entrainment velocity
is lower (as is the case here). Therefore, the evidence
derived from experimental measurements already tends to
favor the results obtained using the EMMS model over the
Wen-Yu drag model, at least qualitatively. The next step is
to quantitatively verify this observation.

Figure 4 shows the transient behavior of solids mass flux
exiting the system through the two top outlets. For both drag
models used in these simulations, a little more than 5 sec are
needed for the solids to fill the riser. The Wen-Yu drag
model shows large spikes in the solids mass flux after 5 sec,
which indicate that a large amount of solids exited the sys-
tem at that time. In other words, a large section of the bed
was initially transported to the top of the riser. This behavior
does not occur with the EMMS model due to the computed
large clusters of particles (see Figure 3) that fall under their
own weight, and thus minimize the amount of solids reach-
ing the top outlets. Note that the solids mass flux data pre-
dicted with the Wen-Yu drag law are about an order of mag-
nitude higher than results obtained with EMMS drag model.
As a result, different vertical scales were needed to represent
these data in Figure 4. After about 15 sec of simulation,
both simulations reach a statistically steady-state where data
can be collected and used for time-averaging.

Table 4 provides the time-averaged solids mass flux and
the standard deviation corresponding to the data plotted in
Figure 4. The EMMS drag model predicts the measured sol-
ids mass flux reasonably well, but the Wen-Yu drag model

Figure 3. Instantaneous (after 15 sec) and time-averaged
(15–40 sec) solids volume fraction contour
profiles in the 2D riser geometry (not to scale)
where blue, green, yellow and red indicate
dilute (near 0%), moderately dilute (about
14%), moderately dense (about 21%)
and dense (30% and higher) flow regions,
respectively.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 4. Transient behavior of total solids mass flux
through the two outlets located near the top
of the riser.

Data related to the Wen-Yu and the EMMS drag models
should be read on the right and left vertical axis, respectively.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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predicts a value an order of magnitude larger. This compari-
son clearly demonstrates the need of subgrid drag modeling
to accurately predict gas-solids riser flows in the absence of
appropriate grid resolution. Although the EMMS drag model
slightly overpredicts the solids mass flux, it is in good agree-
ment with the simulation predictions of Lu et al.12 in which
the same drag model was used. Table 4 also shows the
standard deviation of the transient solids mass flux. When
scaled with the mean flux, the fluctuations of solids mass
flux predicted with the Wen-Yu drag model are lower than
those predicted with the EMMS model. This difference can
also be seen in Figure 4.

Figure 5 presents a comparison of the predicted time-aver-
aged (15–40 sec) and spatially averaged (along the width of
the bed) gas volume fraction (also called void fraction or
voidage) and experimental data measured along the height of
the riser. The solids hold-up, or the void fraction along the
riser height, is usually obtained one of two ways: by direct
measurements of void fraction or by deducing the void
fraction from pressure drop measurements. The latter
approach assumes that the measured gas pressure gradient
equals the weight of the bed. An analytical expression of
void fraction as function of pressure gradient can be
obtained from the steady-state mixture momentum equation
(obtained by summing Eq. 2 in Table 1 over the gas and
solids phases), and by neglecting inertia and stresses:

eg ¼ qs þ 1=g
@Pg

@y

� �n o�
ðqs � qgÞ, where the pressure gradi-

ent ð@Pg

@y Þ has negative values. In this equation, similar results

for void fraction can be obtained if the total weight of the
bed is considered to consist only of solids, due to the high
density of the solids material. Note that in Figure 5 the
experimental measurement for the void fraction is indirectly
deduced from pressure drop measurements (labeled pressure)
while the simulation predictions for void fraction are calcu-
lated using both techniques with those using the direct
method labeled ‘‘voidage’’ and those using the indirect
method labeled ‘‘pressure.’’

Comparing the experimental measurement for the void
fraction to that computed directly from the EMMS model
shows good agreement in the lower section of the bed and a
slight underprediction at the upper section of the riser. In
contrast, the void fraction computed directly from the Wen-
Yu drag model significantly underpredicts the experimental
data at the upper section of the riser, indicating that in the
real system large amount of solids are not transported to the
top section of the riser. The computed void fraction data
using the EMMS model also agrees reasonably well with the
simulation predictions by Lu et al.,12 in which the same drag
model and grid density (60 by 450) are used.

The experimental void fraction data is also compared with
the simulation prediction for voidage obtained indirectly
from the gradient of gas pressure. Thus, the value of the
pressure gradient can be inferred from the shown voidage

profile, and an overprediction in voidage indicates an under-
prediction in pressure gradient and vice versa. As evident
from Figure 5, the values of pressure gradient corresponding
to the Wen-Yu drag model are consistently larger than the
experimental data in the fully-developed flow region (upper
region of the riser). On the other hand, the EMMS drag
model accurately predicts the pressure gradient (again
expressed in term of void fraction) in the upper region above
5 m. However, the EMMS drag model clearly underpredicts
the pressure drop in the mid-bottom section of the riser even
though the computed void fraction using this model agreed
reasonably well. Figure 5 clearly shows for the case of the
EMMS model that the computed solids hold-up is larger
than the computed pressure gradient throughout the height of
the riser. The fact that the gas pressure gradient does not
balance the weight of the bed is an indication that solids
(and gas) must flow downward in a region located near the
walls for the case of a core-annulus flow regime. This rea-
soning is clearly demonstrated in the radial profiles of solids
density and flux, which are presented next.

Before proceeding, however, one final point in regard to
the large differences between the computed voidage and
pressure gradient profiles shown in Figure 5 is worth discus-
sing. This variation indicates, at least for this case, that the
assumption that the gas pressure gradient approximately bal-
ances the weight of the bed (commonly used to represent ex-
perimental data) may not be accurate along much of the
height of the bed, especially in regions where large

Table 4. Solids Mass Flux Predicted at Outlet of
Riser for Two Drag Correlations

Drag model Wen-Yu EMMS Experimental

Solids mass flux (kg/m2s) 205 16.9 14.3
Standard deviation (kg/m2s) 25.2 5.59 –

Figure 5. Time-averaged void fraction along the height
of the riser computed with the drag models
used in this study.

The void fraction is plotted using either the computed void
fraction (shown as voidage) or deduced from computed
pressure gradients (shown as pressure) while the experimen-
tal void fraction was deduced from pressure drop measure-
ments. Note that experimental errors are not known.
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variations of pressure gradients occur. However, this com-
monly used assumption may be more accurate in the upper,
fully developed flow regions in the riser.

Figure 6 presents the time-averaged (15-40 sec) solids vol-
ume fraction and mass flux along the width of the riser in the
fully-developed flow region at a height of 7 m above the gas
uniform distributor. A core-annulus flow regime is clearly
shown for the EMMS drag model where the solids concentra-
tion is larger at the walls, and more dilute conditions are
computed at the core of the riser. This behavior is not appa-
rent for the Wen-Yu drag model where a large concentration
of solids is evident in the core region. Solids downflow near
the walls of the riser is computed using both drag models,
although much larger downward fluxes are computed with the
EMMS drag model. The predictions of solids mass flux using
the Wen-Yu drag shows much larger upflow at the core and
smaller downflow at the annulus as compared with EMMS
drag model, which explains the solids hold-up data presented
in Figure 5 and the average solids fluxes summarized in Table
4. In particular, the large solids concentration predicted at the
core region for the Wen-Yu drag model must be lifted by the
gas, which clearly explains the large pressure drop and low
void fractions computed at the upper regions of the riser, as
shown in Figure 5. In addition, the fact that the EMMS drag
model fails to correctly predict the pressure gradient at the
mid-bottom section of the riser (from a height of about 2 to 5
m in Figure 5) seems to indicate that either a larger solids

hold-up occurs in that region or a more uniform distribution
of solids along the width of the riser may be required. This
premise is investigated in the following sections.

Effect of particle–particle contact friction

The frictional contact between two rotating particles is not
included in the current model, summarized in Table 1, due
to additional complexity that arises from solving additional
equations. Fortunately, a straightforward correction to the
linear particle–particle restitution coefficient was demon-
strated by Jenkins and Zhang30 to show accurate results for
slightly frictional particles. By using this simple correction
one can avoid solving additional equations for the rotational
component of momentum and energy of the particles. The
effective coefficient is expressed as: e0 ¼ e� p

2
lþ 9

2
l2,

where only in this specific equation l is the contact friction
coefficient. Similar to previous studies by Jenkins and
Zhang30 and Benyahia20 l is assumed equal to 0.1. So a
value of e ¼ 0.9, taken from Table 2, corresponds to a value
of effective coefficient of e0 ¼ 0.79 and demonstrates that
extra dissipation of energy will occur due to frictional con-
tacts between particles, facts that were previously ignored.
Therefore, to study the effects of friction requires modifying
only the restitution coefficient, and all other properties are
kept the same (see Table 2).

The time-averaged results showing the effect of particle–
particle friction on the predicted vertical profiles of void

Figure 6. Time-averaged solids volume fraction and
mass flux plotted along the width of the riser
at a height of 7 m above the gas uniform inlet
distributor.

Figure 7. Indirect effect of particle-particle friction
(obtained by reducing restitution coefficient)
on the vertical profiles of computed void
fraction (shown as void fraction) and calcu-
lated void fraction deduced from computed
pressure gradient (shown as pressure) for the
EMMS model.
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fraction obtained directly (labeled voidage) and indirectly
(labeled pressure; recall the pressure gradient is inferred
from this computed voidage profile) are presented in Figure 7
for the EMMS model. Reducing the restitution coefficient
had no noticeable effect on the pressure gradient profiles
throughout the height of the riser. However, a noticeable
deviation on the void fraction (or solids hold-up) profile is
observed near the bottom and top regions of the riser. In par-
ticular, a larger solids hold-up is noticeable at the bottom
region of the riser while a smaller solids hold-up is predicted
at the upper region when reducing the restitution coefficient.
The fact that the opposite effect on solids hold-up is
observed between the bottom and top regions is reasonable
because the total inventory of solids is kept constant through
the simulation. In the mid-section of the riser, reducing the
restitution coefficient had no noticeable effect on solids
holdup. Altogether, simply reducing the restitution coeffi-
cient does not have a major effect on the vertical pressure
gradient profiles, especially since the major discrepancies
between experimental and computed data are observed at the
mid-section of the riser (see Figure 5).

Effect of particle-wall friction

In the hydrodynamic model presented in Table 1, the
Johnson and Jackson26 partial-slip boundary condition is
used for the solids phase. This wall boundary condition rep-
resents the frictional contact between particles and wall
boundaries (particle-wall friction) through a specularity coef-
ficient (/). In accordance with an earlier study by Benyahia
et al.,15 which examined the effects of model parameters on

core-annulus flow structure, a low value of / (10�4) was
employed throughout this study. In this section, however, the
effect of increasing the value of / on the vertical profiles of
solids hold-up and pressure gradient is examined. Note that
the earlier study by Benyahia et al.15 only examined periodic
systems with a prescribed pressure drop, so no vertical pro-
files of flow variables were obtained. However, Benyahia
et al.15 found that clusters of particles tend to form slightly
away from walls as / is increased. As clusters tend to form
away from walls, the gas will need to lift an increasing
amount of solids, and the pressure gradient should increase.
Therefore, higher friction between the particles and wall
boundaries is anticipated to increase the pressure drop along
the height of the riser. This hypothesis is investigated by
conducting two simulations with increasing values of / of
0.01 and 0.1 while keeping all other physical properties the
same, as indicated in Table 2.

Figure 8 presents the effect of increasing the specularity
coefficient on both the void fraction and pressure gradient
profiles along the height of the riser for the EMMS model. As
/ increases from 10�4 to 10�2, the predicted pressure gradient
profile (Figure 8b) increases significantly in the mid-section
of the riser even though only a small increase in the solids
hold-up (Figure 8a) is observed in this flow region. As / is
increased further to a value of 0.1, the pressure gradient pro-
file overpredicts the experimental data in the mid-section of
the riser (Figure 8b) while the solids hold-up decreases at the
bottom region and increases at the mid-section of the riser
(Figure 8a). Accordingly, more solids are transported along
the height of the riser as the value of specularity coefficient is
increased. Also, a comparison of Figures 8a,b shows that a

Figure 8. Effect of particle-wall friction (obtained by varying specularity coefficient phi) on the vertical profiles of
computed void fraction (shown in the figure on the left) and calculated void fraction deduced from com-
puted pressure gradient (shown in the figure on right) for the EMMS model.

Time-averaged simulation data obtained for three values of phi are compared with pressure-gradient experimental data. [Color figure can
be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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better agreement is obtained between the predicted values of
the void fraction and pressure gradient profiles as the value of
/ is increased. Collectively, these observations verify the ear-
lier hypothesis that as / is increased more solids clusters are
forming away from walls and are lifted by the carrier gas,
thus increasing the pressure gradient. Also worth noting is
that the clusters forming away from walls were unstable and
caused large fluctuations in pressure gradient profiles. This
behavior is clearly noticeable for the largest value of / used
in this study. By using a longer time-averaging period, which
was required for / ¼ 0.1, these oscillations in pressure gradi-
ent are minimized. In summary, even with large values of
specularity coefficient, the simulation predictions still do not
reflect the experimentally-measured behavior of the gas-solids
flow in this fluidized bed. Regardless, high values of particle-
wall friction may be used with rough walls, which are some-
times intentionally designed to push solids away from wall
regions (see for example, Jasti and Higgs31), whereas rela-
tively low values of / should be adopted with smooth walls,
which are commonly used in experimental fluidized beds.

Effect of polydispersity

In this section the FCC particles are modeled as a polydis-
perse powder, i.e., having a particle size distribution (PSD),
with three solids species as described previously (see Table
3). Using a single effective particle size (or monodisperse) to
model FCC particles is common practice in the fluidization
literature, such as in the work of Yang et al.,28 Chalermsinsu-
wan et al.,32,33 and Benyahia.9 Bidisperse and polydisperse
powders are less commonly considered in the literature due
to additional complication in the granular kinetic theory
model, increased computational requirements, etc. Two stud-
ies conducted at the University of Telmark (Norway) can
be cited as examples of fluidization using a bidisperse34 and
polydisperse35 powders. These authors and others have
shown large segregation of particles due to their size distribu-
tion along the height of fluidized beds. Thus, two simulations
that include a particle size distribution of the FCC powder
are conducted in this section. One simulation is conducted
with the standard homogeneous Wen-Yu drag law, and the
second simulation uses the EMMS model (see Table 1).

Figure 9 presents the vertical profiles of void fraction
deduced from the pressure gradient corresponding to the
polydisperse case for the homogeneous Wen-Yu drag corre-
lation and for the EMMS drag model, which accounts for
the heterogeneous clusters of particles. These profiles are
also compared with the monodisperse case for both drag
models and the experimental data. The results obtained for
the polydisperse case with the Wen-Yu drag are very similar
to those of the monodisperse case using the same drag
model. This comparison clearly shows that subgrid correc-
tions to the Wen-Yu drag due to heterogeneous structures
are necessary for polydisperse systems. In addition, the pres-
sure gradient profile for the polydisperse case with the
EMMS model is also similar to the monodisperse case using
the same drag model. However, some differences are notice-
able at the top and bottom region of the riser where the pol-
ydisperse case predicts slightly smaller and larger values of
the pressure gradient, respectively. These slight differences
between the mono- and poly-disperse predictions correspond
to differences in the solids hold-up as demonstrated next.

The total solids hold-up for monodisperse and poly-
disperse cases along the height of the riser is shown in
Figure 10 for the EMMS model. Also shown is the hold-up
of the individual solids species in the polydisperse case. The
total solids hold-up profiles are scaled with the total concen-
tration of solids while the individual species solids hold-up
are scaled with the averaged solids concentration of the re-
spective individual species (values indicated in the figure).
This scaling is necessary to clearly show the segregation of
solids species due to size differences. Accounting for the
polydisperse nature of FCC particles results in a larger total
solids concentration at the bottom section of the riser and a
smaller total solids hold-up at the top section as compared to
the monodisperse case. As mentioned earlier, this behavior
has a direct effect on the pressure gradient, which shows the
same trend (see Figure 9). The profile of the total solids
hold-up for the polydisperse case almost exactly follows the
individual profile for the medium-size solids species (noted
as dp60 in the figure) but is significantly different from the
profile for the monodisperse case. Therefore, accounting for
the polydisperse nature of FCC particles is necessary to
accurately predict their vertical segregation due to gravity.
This vertical segregation of particles due to size in a circu-
lating fluidized bed has been noted previously by Mathiesen
et al.,35 who found large particles preferentially concentrate
at the bottom section of the riser. The same behavior is com-
puted in this study, albeit using a different polydisperse ki-
netic theory, which indicates higher concentrations of the
large particle type at the bottom section of the riser and
higher concentrations of the small particles at the top. At the

Figure 9. Effect of particle size distribution (using three
solids species) on time-averaged void fraction
vertical profiles (deduced from the computed
pressure gradient) obtained with EMMS and
homogeneous Wen-Yu drag correlations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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midsection of the riser, similar values of total solids hold-up
are obtained for both poly- and mono-disperse cases, mean-
ing that the under-predicted values of pressure gradient in
the midsection of the riser (shown in Figure 9) will not be
correctly predicted for either case. One aspect worth men-
tioning of the polydisperse nature of powders is the fact that
large particles can be transported to the top of the riser even
when the terminal velocity of the large (heavy) particles is
less than the superficial velocity of the carrying gas. These
particles can be carried throughout the riser due to collisions
with smaller particles (see for example the study of Nouyrigat
et al.36). This behavior indicates that the transport of polydis-
perse particles in a circulating fluidized bed is affected not
only by the gas-solids drag but also by collisions between
unlike particles. Such behavior should be taken into account
in the underlying kinetic theory for continuum modeling.

Summary

A computational study of the flow of air and FCC par-
ticles (Geldart group A powder) in a 2D circulating fluidized
bed was conducted, and results demonstrate the need for
subgrid scale modeling that will account for the formation of

small clusters of particles such as have been observed exper-
imentally. The use of the current EMMS drag model is pro-
ven to be both accurate and necessary for the prediction of
the averaged solids mass and the pressure profile along the
fully-developed flow region of the riser. The standard Wen-
Yu drag model essentially predicts a homogeneous flow
where the bed of particles is transported along the height of
the riser. On the other hand, the inclusion of the EMMS
drag in the hydrodynamic model prompts the formation of
heterogeneous flow structures that limit the circulation
of particles and corresponds to a more accurate prediction of
the circulation rate of solids. This study also reveals the
need to employ subgrid drag models when simulating the
fluidization of polydisperse powders.

The effect of particle-particle friction was considered in
this study by assuming slightly frictional particles and reduc-
ing the restitution coefficient during binary collisions as
derived by Jenkins and Zhang.30 As the restitution coeffi-
cient was decreased, segregation of particles to the bottom
of the riser was observed to increase, but the impact on the
pressure gradient profile was minor. The effect of increasing
particle-wall friction on the vertical profiles in both solids
segregation and pressure gradient was more noticeable.
In particular, denser flow regions with increased pressure
gradients were observed in the midsection of the riser as the
specularity coefficient was increased. However, an inter-
mediate value of this coefficient seems to better capture
the experimentally measured pressure gradient profile. Other
effects that can influence the model predictions include
accounting for the 3D geometry of the entire circulating flu-
idized loop as well as accounting for the particle size distri-
bution of FCC powder used experimentally. The study of
these effects is left for future research.
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Notation

Ae, Be, Ce ¼ coefficients depending on void fraction in the EMMS drag
model

CD ¼ gas-solids drag coefficient
dp ¼ particle diameter

e, ew ¼ particle-particle and particle-wall restitution coefficients
Fr, r, s ¼ constants in frictional model,23 equal to 0.5 dynes/cm2,

2 and 5, respectively
g ¼ acceleration of gravity
g0 ¼ radial distribution function at contact
Hd ¼ EMMS-model correction factor to the Wen-Yu drag

correlation

I ¼ identity tensor
Js ¼ granular energy dissipation due to inelastic collisions

lmix ¼ constant gas-phase turbulent length scale
n ¼ coefficient in the frictional model
n ¼ unit vector normal to wall surface
P ¼ pressure
q ¼ flux of granular energy

Re ¼ Reynolds number based on particle diameter
Sm ¼ strain-rate tensor
t ¼ time

Vm ¼ velocity vector of phase m

Figure 10. Total solids hold-up (discontinuous lines) and
individual solids species hold-up (continuous
lines) showing particle segregation by size
along the vertical riser for the EMMS case.

Note that the plot of total solids hold-up for polydisperse
case (discontinuous red line) is aligned with that of dp60
(continuous black line) and is difficult to distinguish. Sol-
ids hold-up is obtained by averaging the solids volume
fraction along the horizontal direction at each vertical
position. Computed solids volume fractions were scaled
using domain-averaged volume fractions with the follow-
ing values: 1.59% for dp30; 6.35% for dp60; 2.64% for
dp115; 10.58% for total solids hold-up. [Color figure can be
viewed in the online issue, which is available at wiley
onlinelibrary.com.]
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Greek letters

a ¼ constant in solids viscosity model,26 equal to 1.6
b ¼ gas-solids friction coefficient

d, dw ¼ angle of internal friction and wall friction of about p/6 and
p/10, respectively

em ¼ phase-m volume fraction
/ ¼ specularity coefficient used in wall boundary condition
g ¼ constant depending on particle restitution coefficient equal

to (1 þe)/2
j ¼ solids phase dilute granular conductivity
j* ¼ granular conductivity with effect of interstitial fluid
js ¼ conductivity of solids granular energy
l ¼ solids phase dilute granular viscosity
l* ¼ granular viscosity with effect of interstitial fluid
lb ¼ bulk viscosity of the solids phase
lm ¼ dynamic viscosity of phase m
PH ¼ production and dissipation of granular energy due to

solids-fluid interaction
Hs ¼ granular temperature
qm ¼ material density of phase m
s ¼ stress tensor

Indices

c ¼ critical
f ¼ frictional

g, s ¼ gas and solids phases
k ¼ kinetic-collisional
m ¼ indices for the phases

max ¼ maximum packing
min ¼ minimum frictional solids fraction (emin

s ¼ 0.5)
sl ¼ particle-wall slip
w ¼ wall
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